Here we note that x , x , . . . , x are cohomology classes and we can 0 1 n take their dimensions to be their weights. In this weight type, f , f , . . . , f 0 1 n are relations of these cohomology classes in some cohomology groups. Therefore they are weighted homogeneous polynomials. Actually the above conjecture is equivalent to the following conjecture about the nonexistence w x of negative weight derivations H, Me . Ž . Here we note that R and Der R, R , the R-module of derivations on R, Ž . Ž . are naturally graded by the weighted degrees see Definition 2.1 on w x C x , x , . . . , x . 0 1 n Ž . The non existence of negative weight derivations appears in many other contexts which may also serve as a motivation for the present work. For example, their nonexistence has also been conjectured by J. Wahl for w x positive dimensional quasi-homogeneous isolated singularities Wa1 and by S. Yau for moduli algebras of isolated quasi-homogeneous hypersurface w x Ž . singularities Ya1, Ch-Xu-Ya . For a study of the non existence of negative weight derivations from the point of view of singularity theory, we w x refer the reader to Ka1, Ka2, Wa, Wa2, M-S, Ch-Xu-Ya, Ch1 .
w The Halperin conjecture is true when the fibre F is homogeneous Bo, x Me, H . Also this conjecture has been proved to be true for the two-variaw x ble case Th1, Th2 . The purpose of this note is to give a proof for the Halperin conjecture for the three-variable case. This is a generalization of w x the work of Ch-Xu-Ya . On the other hand we should mention that the Halperin conjecture has been proved in the case of ''large'' graded Artin Ž . algebras i.e., when the degrees of f , f , . . . , f are sufficiently large in 0 1 n w x our other paper Ch2 .
2. NEW WEIGHT TYPES DEFINITION 2.1. Let ␣ , ␣ , . . . , ␣ be positive integers. A monomial 0 1 n i 0 i 1 i n w x x x иии x in the polynomial ring P s C x , x , . . . , x is said to be of
It is clear that P is graded. If I ; P is a homogeneous ideal, i.e., an ideal generated by weighted homogeneous polynomials, we know that
There is a natural grading on Der R, R defined by
. main problem considered in this paper is whether Der R, R for k -0 is k zero for some k and some R. We denote the weight of a derivation D by Ž . wt D .
It is well known that derivations on R can be thought of as derivations on P preserving the ideal I. On the other hand any derivation on P is of the form on P has to be the following form for some 0
where p is a non-zero polynomial. The purpose of this section is to introduce some new weight types for any given negative weight derivation D on the weighted polynomial ring P. These new weight types are the natural generalization of the original Ž . weight type ␣ , ␣ , . . . , ␣ and will play a crucial role in this paper and EXAMPLE 2.1. For any negative weight derivation D on the weighted polynomial ring P, the new weight type associated with D is the original Ž . weight type ␣ , ␣ , . . . , ␣ if we take the 's parameters to be 1 and the This new weight type will be used in our proof for the main result, Theorem 3.1. In our proof for the main result, we can introduce a coordinate change; by this coordinate change we only need to prove the Ž . conclusion in the case that ␣ s 1 see Section 3 . Therefore let us 2 consider the situation of Example 2.2 when ␣ s 1. and C l be the set of weighted homogeneous polynomials with respect to k Ž . Ž . both weight types ␣ , ␣ , 1 and l , l , l of degrees k and Q-degrees l.
ii Suppose that l -␣ q wt D. Then we can take elements of the 1 form x u x¨x w , with u␣ q¨␣ q w s k, ul q w s l, and w -m, as the
. where e is a non-zero constant only depending on p x , x and c. 
. Now we want to prove that x x x in A with l G ␣ q 
Ž . in ii . The other conclusion of ii follows directly from the above argument.
Q.E.D.
The following proposition gives a clear description about the set C l . 
Ž .
iii For any pair of positi¨e integers k and l such that k y l can be di¨ided by ␣ , we ha¨e that Q.E.D.
THE HALPERIN CONJECTURE FOR THE THREE-VARIABLE CASE
In this section we give the proof for the main resultᎏthe Halperin conjecture in the three-variable case. We first prove a weak result in Proposition 3.1. From this result we can see that it is natural to introduce the new weight types. 
form. We note that for every weighted homogeneous polynomial g of Ž . degree M y ␣ y wt D , there exists a weighted homogeneous polynomial be a negative weight derivation on the weighted polynomial ring P which Ž . preserves the ideal f , f , f . We want to prove that it is a zero-derivation 
defined by the multiplication in the Artin
algebra R, is a non-degenerate bilinear form. . sition 3.1 . We assume u s 0 in the following part of the proof. In this 
Ž . In the following part of the proof we want to prove
h h sition 2.1 i we know h -␣ q wt D. Here we want to prove C ; C l
which is a contradiction and thus
We note that there is a term of the form x¨in the expansion of one of sides we get
0 1 2 0 0 1 2 0 1 2 0 Ž .
Note that the terms after the first term in 3.3 are in A . On the
definition of h. Therefore we have
Ž . Suppose that there are w q 1 w G 0 monomials in the expansion in the expansion of f p . By Proposition 2.2 and its proof we know that all 
In the following part we treat the low-degree case d -3␣ or d -␣ In the arbitrary n q 1 variable case we cannot have a clear description l Ž . of C i.e., Propositions 2.1 and 2.2 . Thus only a partial result which gives k a positive answer to the Halperin conjecture for ''large'' graded Artin w x algebras can be obtained Ch2 .
